Abstract. The harmonic sawtooth map w (x) of the unit interval onto itself is defined. It is shown that its fixed points {x : w (x) = x} are enumerated by the n-th derivatives of a Meijer-G function and Lerch transcendent, serving as exponential and ordinary generating functions respectively, and involving the golden ratio in their parameters. The appropriately scaled Mellin transform of w (x) is an analytic continuation of the Riemann zeta function ζ(s) valid ∀ − Re(s) ∈ AE. The series expansion of the inverse scaling function associated to the Mellin transform of w (x) has coefficients enumerating the Large Schröder Numbers Sn, defined as the number of perfect matchings in a triangular grid of n squares and expressible as a hypergeometric function. A finitesum approximation to ζ and thus not invertible. The geometric zeta function, which is the Mellin transform of the geometric counting function N Lw (x), is calculated and shown to have a rather unusual closed form involving a finite sum of Riemann zeta functions and binomioal coefficients. Some definitions from the theory of fractal strings and membranes are also recalled.
has coefficients enumerating the Large Schröder Numbers Sn, defined as the number of perfect matchings in a triangular grid of n squares and expressible as a hypergeometric function. A finitesum approximation to ζ (s) denoted by ζw (N ; s) is examined and an associated function χ (N ; s) is found which solves the reflection formula ζw (N ; and thus not invertible. The geometric zeta function, which is the Mellin transform of the geometric counting function N Lw (x), is calculated and shown to have a rather unusual closed form involving a finite sum of Riemann zeta functions and binomioal coefficients. Some definitions from the theory of fractal strings and membranes are also recalled. As can be seen in Figure 1 , w(x) is discontinuous at a countably infinite set of points of Lebesgue measure zero (4) À = y : lim x→y − w(x) = lim x→y + w(x) = 0, 1 n : n ∈ The left and right limits at the discontinuous points are (5) lim x→∈À − w(x) = 1 lim x→∈À + w(x) = 0 
have the form
where {a r , b r ∈ : r ∈ AE} is a pair of integer sequences and c ∈ Ê is some constant. 
Fix n w
where G is the Meijer-G function and Fix w (x) is the generation function (10)
where Φ(z, a, v) is the Lerch Transcendent (159), and φ is the Golden Ratio, which is the ratio of two numbers having the property that the ratio of the sum to the larger equals the ratio of the larger to the smaller. [ The number φ can be called the "most irrational number" because its continued fraction expansion, given by iterations of the Gauss map (78), converges more slowly than any other number. The constant φ satisfies the simple identities
An interesting fact is that the density of a motif in a certain noncommutative space described in [23, 5 .1] must necessarily be an element of the group + φ .
Integrals Transforms of w(x).
1.2.1. Dirichlet Polynomial Series and the Mellin Transform of w(x). The Mellin transform of the harmonic saw map w(x), multiplied by
is an analytic continuation of the Riemann zeta function ζ(s)∀ − Re(s) ∈ AE. This form of the zeta function, denoted by ζ w (s), is the infinite sum of the Mellin transformations of the component functions.
There is a conjugate pair of inverse branches of τ (s) found by solving
where τ −1 + (t) and τ −1 − (t) denote the positive and negative solutions respectively. The coefficients in the series expansions are integers enumerating the large Schröder numbers S n which count the number of perfect matchings in a triangular grid of n squares, named after Ernst Schröder 
where p F q is a hypergeometric function. We have The residue at the singular point s = 1 of τ (s) is
The infinite sum of the Mellin transforms multiplied by τ (s) analytically continues ζ(s)∀(− Re(s)) ∈ AE (20) 
Unlike the Mellin transform of the Gauss map (78), which must be multiplied by the factor s then subtracted from s s−1 before it equals ζ(s), the "harmonic sawtooth continuation" ζ w (s) of the zeta function ζ(s) has the fortuitous property that it equals ζ(s) after multiplying M [w(x); x → s] by τ (s). This property of w(x) allows us to put τ (s) inside the sum to get an expression, denoted by ζ w (N ; s), involving the difference of two Dirichlet polynomials, one of which is scaled by s. The substition ∞ → N is made in the infinite sum appearing the expression for ζ w (s) to get (21) 
with equality in the limit except at the negative integers (22) lim
The functions ζ w (N ; s) have real roots at s = 0 and s = −1. That is
The residue of ζ w (N ; s) at s = 1 is given by
Thus, as required (25) 
The function τ (s) has zeros at −1 and 0 and a simple pole at s = 1 with residue (26) Res
The Mellin transform of τ (s) has an interesting Laurent series, convergent on the unit disc, given by
The transformations M [w n (x); x → s] have removable singularities at −1 and 0 where the limits are given by (14) can be rewritten as 
The sum of limits over n at s = −1 is Euler's constant. [13] [14,
1.2.2.
The Reflection Formula for ζ w (N ; s). There is a reflection equation for the finite-sum approximation ζ w (N ; s) which is similiar to the well-known formula
is given by the expression
The functions χ (N ; s), indexed by N , have singularities at s = 0. Let
then the residue at the singular point s = 0 is given by the expression (38) Res
which has the limit
We also have the residue of the reciprocal at s = 2
which vanishes as N tends to infinity
As can be seen in the figures below, the residue at s = 0 changes sign from negative to positive between the values of N = 176 and N = 177. 
There is also the complex conjugate symmetry
If s = n ∈ AE * is a positive integer then χ (N ; n) can be written as
The Bernoulli numbers [1] make an appearance since
The denominator of χ (N ; n) has the limits
Another interesting formula gives the limit at s = 1 of the quotient of successive functions
Then the residue at the even negative integers is
The Laplace transform L[w n (x); x → s] and its roots are calculated to shed light on the behaviour roots of the Mellin transforms M [w n (x); x → s] but it is unclear whether this is accomplished. The Laplace transform (135) of the n-th component
There is a removable singularity at s = 0 which has the limit (52)
The roots of
where W (m, x) is the Lambert W function (146) and m ∈ , n ∈ AE. It can be verified that
where −e −1 is expressed as the continued fraction via its quotient sequence 
The quotients of the roots of consecutive transforms is
as in (21) and its infinte number of inverse branches (which are currently lacking closed-form expression if such a thing is possible except when n = 1), where the branches are indexed by m
then we see that the first function where n = 1, M −1 τ w (z, 1, m), has the closed-form
+ln (2) ln (2) where W is the Lambert W function (146). It is verified that
+ln (2) ln ( 
has poles at − ln(n) and − ln(n + 1) with residues (76)
The Gauss Map h(x). be the n-th harmonic interval, then {w(x) ∈ L w : x ∈ Ω} is the piecewise monotone mapping of the unit interval onto itself. The fractal string L w associated with w(x) is the set of connected component functions w n (x) ⊂ w(x) where each w n (x) mapsI H n onto (0, 1) and vanishes when x ∈ I H n . Thus, the disjoint union of the connected components of L w is the infinite sum w(x) = ∞ n=1 w n (x) where only 1 of the w n (x) is nonzero for each x, thus w(x) maps entire unit interval onto itself uniqely except except for the points of discontinuity on the boundary ∂L w = {0, 1 n : n ∈ AE * } where a choice is to be made between 0 and 1 depending on the direction in which the limit is approached. Let 
Figure 9. The Harmonic Sawtooth Map
The intervals I w n will be defined such that ℓw n = |I Figure 10 . Reciprocal lengths ℓw
The total length of L w is (90) 
The function N Lw (x) happens to coincide with [17, A095861] , which is the number of primitive 
and by defintion we have
Thus, using (92) and (95) 
The values of ζ Lw (n) at positive integer values n ∈ AE * are given explicitly by a rather unwieldy sum of binomial coefficients and the Riemann zeta function ζ(n) at even integer values. First, define (101) Figure 13 . {v(ε) = min(n : ℓw n < 2ε) : ε = 1 1000 . . .
The terms of ζ Lw (n) from n = 1 to 10 are shown below in Table 1 . Table 1 . {ζ Lw (n) = Σ row n :n=1..10} Figure 14 . Volume of the inner tubular neighborhood of ∂L w with radius ε V Lw (ε) : ε = 0 . . . The length of the j-th interval I j is denoted by
where | ·| is the 1-dimensional Lebesgue measure. The lengths ℓ j must form a nonnegative monotically decreasing sequence and the total length must be finite, that is
The case when ℓ j = 0 for any j will be excluded here since ℓ j is a finite sequence. The fractal string is defined completely by its sequence of lengths so it can be denoted
Figure 15.
and
The boundary of L in Ê, denoted by ∂L ⊂ Ω, is a totally disconnected bounded perfect subset which can be represented as a string of finite length, and generally any compact subset of Ê also has this property. The boundary ∂L is said to be perfect since it is closed and each of its points is a limit point. Since the Cantor-Bendixon lemma states that there exists a perfect set P ⊂ ∂L such that ∂L − P is a most countable, we can define L as the complenent of ∂L in its closed convex hull. 
where V (ε) is the volume of the inner tubular neighborhoods of ∂L with radius ε (108)
and N L (x) is the geometric counting function which is the number of components with their reciprocal length being less than or equal to x.
The Minkowski content of L is then defined as
where C L is the constant 
or if the volume of the tubular neighborhoods satisfies
is not of order ε 1−DL , however this does not contradict the Minkowski measurability of L. 
The spectral counting function N vL (x) counts the frequencies of L with multiplicity 
and θ is the Heaviside unit step function, the derivative of which is the Dirac delta function δ
The discontinous point of θ(x) has the limiting values
thus the values of χ(x, (a, b)) on the boundary can be chosen according to which side the limit is regarded as being approached from.
(130) 
As can be seen
The substitution n → 1 x can be made in (132) where it is seen that where
The W function satisifes several identities (148) 
